Abstract: This paper follows an incomplete market pricing approach to analyze the evaluation of weather derivatives and the viability of a weather derivatives market in terms of hedging. A utility indifference method is developed for the specification of indifference prices for the seller and buyer of a basket of weather derivatives written on rainfall and temperature. The agent's risk preference is described by an exponential utility function and the prices are derived by dynamic programming principles and corresponding Hamilton Jacobi-Bellman equations from the stochastic optimal control problems. It is found the indifference measure is equal to the physical measure as there is no correlation between the capital market and weather. The fair price of the derivative should be greater than the seller's indifference price and less than the buyer's indifference price for market viability and no arbitrage opportunities.
Introduction
In the context of climate change, rainfall and temperature are the major determinants of uncertainty affecting crop yield. Crop yields are strongly susceptible to extreme conditions such as drought, flood and heat waves Zscheischler et al. (2017) . Temperature and rainfall processes are the key driving factors of crop yield. Typically, temperature determines the duration of the growing season, whereas rainfall has impact on plant production (leaf area and the photosynthetic efficiency) Medori et al. (2012) . Ray et al. (2015) estimated that globally variation in temperature and precipitation accounts for about a third of the crop yield variability. Besides agriculture, weather risks have a major influence in many economic sectors as several companies are weather dependent. However, the interdependence between these two variables proves it is difficult to accurately analyze and simulate their joint behavior. The impact of rainfall on moisture in turn controls the partition between the sensible and latent heat fluxes Cong and Brady (2012) .
This draws attention to contingency planning such as establishing contingency funds, increasing forex reserves for external shocks and piloting the use of weather insurance Syroka and Nucifora (2010) . Similarly, weather derivatives sold to small scale farmers may act as risk management tool at household level against poor yields.
To overcome the loss of crop yield due to weather factors, a farmer can explore the possibility of hedging the risks due to weather by buying weather derivatives that guarantee a payoff once there is erratic rainfall or temperature. For this to be effective, a better understanding of weather dynamics, especially temperature and rainfall processes, and possible hedging mechanisms would therefore offer a new way of transferring financial risks in the uncertainties of weather and climate to financial markets where risk management strategies exist.
A weather derivative is a financial instrument used by companies or individuals to hedge against the risk of weather related losses Alexandridis and Zapranis (2012) . Weather derivatives have an underlying index that measures a particular aspect of weather such as total accumulated rainfall, number of cooling degree days, etc. over a specific period of time. They cover low risk, high probability events unlike weather insurance that deals with high risk, low probability events. In agriculture, a farmer may buy a weather derivative to hedge against poor yields caused by too much or too little rainfall, sudden temperature changes, or destructive winds. In terms of weather risk management, weather derivatives serve a significant role considering the global exposure of large businesses to increasingly uncertain global weather conditions in sectors such as energy, agriculture, tourism, insurance and retail. This is because weather derivatives are economical, flexible and require no proof of loss Brockett et al. (2009) .
Several studies have been carried on weather derivative evaluation and pricing procedures, e.g., on rainfall Cao et al. (2004) ; Carmona and Diko (2005) ; López Cabrera et al. (2013) ; Leobacher and Ngare (2011); Odening et al. (2007) ; Xu et al. (2007) (and the references therein) and temperature Benth and Šaltytė-Benth (2005) ; Benth and Šaltytė Benth (2011); Brody et al. (2002); Cui (2014) ; Wang et al. (2015) . Typically, these studies only consider a single weather element-rainfall, temperature or wind-in the pricing and evaluation.
However, weather derivatives present a new market, thus analysis and examination of market viability provide important insights for investors. Hence, in this paper, we explore the possibility of basket weather derivatives whose underlying indexes are rainfall and temperature, both of which are not tradable. A basket option is a financial derivative where the underlying asset is a group of commodities, securities or currencies. The simultaneous role of rainfall and temperature in agriculture cannot be underrated, as it is common knowledge that crop yield greatly depends on them. Turvey, Calum G (2001) and Ray et al. (2015) independently concluded that up to 30% of crop yield variability can be attributed to heat and rainfall events, therefore temperature and rainfall remain the driving force in agriculture.
There are no known basket weather derivatives and their application in agriculture or any other weather related industries currently and therefore this paper aims to fill that gap. A better understanding of the dynamics driving both the rainfall and temperature processes and possible hedging approaches provide a new way to transfer financial risks due to weather to financial markets where risk management strategies are available. This basket weather derivative enables the farmer to hedge risk due to rainfall and temperature variation at the same time in one transaction and to do it more cheaply rather than hedging rainfall and temperature independently. Such a derivative is more applicable as the likelihood of both temperature and rainfall variation to affect yield is higher.
The paper is structured into three parts. In Section 2, we look at pricing approaches in an incomplete market and the challenges of pricing weather derivatives in an incomplete market where no arbitrage theory prices cannot be used. In Section 3, we price the weather derivatives using the utility indifference pricing method. We derive the seller's and buyer's indifference price using dynamic programming principles where three stochastic optimal control problems are solved with the exponential utility function as the investor's risk preference. The conditions for market viability and no arbitrage opportunities are also stated. Finally, we conclude the study in Section 5.
Pricing in an Incomplete Market
A market is said to be complete if all contingent claims can be replicated by a self financing portfolio. By replication, we mean a process where a portfolio in stocks and bonds recreates the terminal pay-off of the option, thus removing all risks and uncertainty. In a complete market, the price of a contingent claim F which depends on a stochastic variable I and expires at time T is given as
where W T (I) is the pay-off of the derivative, E is the expectation conditioned on the present information, and Q are the risk neutral probabilities Xu et al. (2007) . Using the Radon-Nikodym derivative of Q with respect to the physical probabilities P, Equation (1) can be expressed as
This change makes the stochastic process of I into a martingale. If the stock follows a geometrical Brownian motion, change of measure can be achieved by reducing the drift to the risk free interest rate.
However, weather indexes are not tradable, therefore the market is incomplete as the derivatives cannot be replicated by a self financing portfolio. This makes it impractical to apply no arbitrage pricing models to weather derivatives Alexandridis and Zapranis (2012) ; Benth and Benth (2007) as we cannot construct a risk free portfolio consisting of weather index and the derivative. In addition, the no arbitrage condition does not result in a unique price as many martingale measures exists, thus only bounds for contingent claims can be obtained Xu et al. (2007) . Formally, we have the range
where Q denotes the set of all equivalent martingale measures where the interval in Equation (3) is very large and hence not useful Eberlein and Jacod (1997) . In an incomplete market, the investor aspires to maximize the expected utility of final wealth and reduce the risks due to the uncertain pay-off through dynamic trading Carmona (2008) . Hence, the goal is to find a trading strategy that minimizes the risk quantified by a risk measure while maximizing the expected utility of terminal wealth under the physical measure. Several approaches are used to price contingent claims in an incomplete market and there is no consensus about the best approach since all existing approaches have their particular shortfalls ranging from no theoretical basis to some requiring several assumptions to make them tractable. The approaches include utility indifference pricing, super-replication, quadratic approaches, quantile hedging, shortfall minimization, and marginal utility approach (Brockett et al. (2009); Henderson and Hobson (2004) ; Xu et al. (2007) and the references therein).
In this study, we price the basket weather derivatives using utility indifference approach to derive the buyer's and sellers' price. As observed by Xu et al. (2007) , the indifference approach starts with an appealing idea that the amount of money at which a potential buyer (seller) of a claim is indifferent in terms of expected utility between buying (selling) and not buying (selling) constitutes an upper (lower) limit for the contract price. The utility indifference price approach is used because it incorporates risk aversion in the model, results in a nonlinear price model, and reduces to the complete price, which is a necessary feature of any good price mechanism Henderson and Hobson (2004) .
Indifference Pricing Approach
In this study, we want to price a contingent claim written on rainfall and temperature, both of which are weather indexes that are not traded but have huge influence on agriculture products.
Historical daily rainfall and daily average temperature data are used to predict the future behavior of the weather elements. We assume a static option in that the portfolio dynamics cannot be changed once the buyer and the seller agree on the prices. The basket option is held for the whole growing season entire contract duration regardless of the current weather data being experienced. In that way, the model is time consistent such that, if at some point in the future one option costs more than the other option in every world state, the same should be true today.
The intensity of rainfall is modeled as a Gamma distributed with the probability density function as
which is a strong stationary process with fixed mean and variance. This is equivalent to
such that P is shape parameter and γ is a scale parameter.
To model the rainfall intensity process as a mean reverting process, the probability density function is transformed to a stationary Gamma probability density function by introducing the location parameter µ and a scale parameter λ, which represents the speed of decrease towards equilibrium in the stochastic differential equation. Hence, the probability density function becomes
Based on the approach by Hertzler (2003) , given f (R) we have to find the functions g(R) and h(R) such that
where dW is the Wiener process and satisfies the Kolmogorov forward equation:
Integrating Equation (4), we have
The choice of f and h is heuristic and hence we verify whether the chosen functions satisfy the Kolmogorov forward equation. Letting υ = √ 2γ and ϕ = −λ + (P − 1)(R − µ) −1 γ, we have
Therefore, the stochastic differential equation driving the dynamics of rainfall intensity is
where R is the daily rainfall intensity. For the temperature process, the statistical analysis involves removing long-term trends, global warming impact and the seasonal mean, which is cyclic. The remaining residual is an autoregressive model whose order depends on location; however, since the marginal distribution tail is heavier than normal, we represent it more generally without constant and deterministic volatility as in Carmona (2008) , thus the dynamics are as follows:
where Y is the average daily temperature, s t is the cyclic season mean and ϑ(t) is the volatility function.
Since there is interdependence between the temperature and rainfall processes, we have a correlation between W 1 t and W 2 t with a correlation parameter ρ ∈ [−1, 1]. The market model consists of a risky asset S that is traded and presence of temperature and rainfall indexes on which a European basket option is written. The tradable asset has a price dynamics as follows:
The processes W 1 t , W 2 t , W 3 t are Wiener processes defined on a filtered probability space 
then there exists a unique solution to Equations (5) and (6) that is It is also assumed that there is a riskless bond that matures at T available for trading under a constant rate r, 0 ≤ r < µ, so that the bond price is dB t = rBdt.
Weather derivatives are constructed to hedge risks due to weather factors such as rainfall, temperature, wind, etc. for a specific period of time. In this paper, we design a European basket option that is written in terms of cumulative rainfall and cooling degree days simultaneously. We assume that, for a growing season, the maize requires a specific amount of rainfall cumulatively and also that it grows well on specific temperature during the season. Hence, the option takes into account the difference between the recommended amount of rainfall and the cumulative rainfall of the season as well as accounts for days on which temperature is way above the recommended one. We assume that hedgers of this weather derivative hold it for the whole growing season up to maturity date.
The investor starts with initial wealth of x at time t and re-balances his portfolio by dynamically deciding the investments allocation π b s and π s in the bond and risky asset, respectively, where we do not allow intermediate consumption or infusion of funds. Hence, the current wealth is defined by
Proposition 1. The budget equation for the investor is given by
Proof. The wealth dynamics is dX s = φ s dS s + ψ s dB s , where φ t and ψ t are the number of shares of risky asset and the bond, respectively, held by the investor. For π s amount of money in risky asset, we have 
where X t = x is the initial wealth.
π s is deemed admissible if there exists a unique positive wealth process solving Equation (7) such that
We denote the set of all admissible controls as Π. We model the agent's risk preference using exponential utility function defined as
where γ is the risk aversion of the agent representing his or her attitude towards the risk that cannot be eliminated. Any chosen utility function should be increasing to reflect the investor's preference of more wealth and concave as the investor is risk averse. Other utility functions such as power, mean-variance or log functions may be applied as well to describe the investor's risk preference. The exponential utility function is chosen based on that risk neutral measure implied by the indifference pricing equals the minimum entropy measure Xu et al. (2007) . The main objective is to price the weather derivative W T (R, Y) as the agent tries to hedge away the risk associated with the derivative with a portfolio invested in the tradable asset S. This entails an optimization problem where we find an admissible strategy π * (optimal) such that the utility derived from the wealth is maximized at the final time T with and without the weather derivative respectively.
To make the most significant parameters of the model in the budget equation more transparent, we assume r = 0 so that dynamics of the bond are removed from the model. The valuation of the weather derivative is based on the comparison of maximal expected utility pay-off corresponding to the investment opportunities with and without the weather derivative. This entails formulating a stochastic optimal control problem, deriving and linearizing a Hamilton-Jacobi-Bellman (HJB) equation and stating the stochastic representation of the solution. Similar approaches were done by Benth and Karlsen (2005) ; (Musiela and Zariphopoulou 2001 , 2003 , however, unlike all these researchers, our work here considers presence of two non-tradable weather indexes on which the European option is written. The alternative method to solve such stochastic problems is to use martingale approach; however, it was observed by Musiela and Zariphopoulou (2001) that the approach produces limited results in an incomplete market setting, hence is not reliable to use.
The indifference price of the contingent claim W T (R, Y) is constructed from three stochastic optimal control problems as follows:
The first problem is where the agent maximizes the expected utility wealth without the contingent claim W T (R, T), commonly known as the classical Merton model of investment with the value function defined as
Taking into account the contingent claim W T (R, Y), we have the following value functions for the seller and the buyer, respectively,
Definition 1. Musiela and Zariphopoulou (2004) The indifference price of the seller of the weather derivative is defined as a function p s (x, r, y, t) such that the investor is indifferent towards the following two cases: optimizing the expected utility without employing the derivative, and optimizing it taking into account on the one hand the liability W T (R, Y) at expiration T and on the other hand the compensation p s (x, r, y, t) at inscription t. Mathematically, V(x, t) = V s (x + p s (x, r, y, t), r, y, t), and similarly the buyer's indifference price p b (x, r, y, t) satisfies
y, t), r, y, t).

Definition 2.
A process π in the form π s = a(s, X(s)) for some measurable function
Restricting the optimization of the value functions in Equations (8)- (10) to Markovian admissible controls leads to the derivation of the HJB equation by dynamic programming principle Fleming and Soner (2006) .
The corresponding HJB equation for the classical Merton problem value function V is as follows
Differentiating µπV x + 1 2 σ 2 π 2 V xx with respect to π, the optimal value π * is
Substituting into the HJB equation, we have
By separation of variables approach, we suggest a candidate solution to the problem as V(x, t) = −e −γx A(t) so that
Evaluating to
Hence, this reduces to
. Proposition 2. Without weather hedging, the optimal value function and control are, respectively,
For the seller's agent whose value function is Equation (9), the corresponding HJB equation is as follows
Carrying out the optimization function by differentiating with respect to π and since ρ 1 = ρ 2 = 0 because the capital market is not correlated with the weather, we have the optimal control as
Substituting in the HJB equation [where we suppress the variables of function g(y, t) = g] yields
We postulate a solution of separable variables having the form V(x, r, y, r, t) = −e −γx A(r, y, t) where the function A(t, r, y) is twice differentiable in the second and third variables and square integrable. The HJB yields
which reduces to
A(r, y, T) = −e γw (r,y) .
Applying the Feynman-Kac formula to the model in Equations (11) and (12), we find the value of A(t, r, y) as
where R and Y are solutions, respectively, to
Proposition 3. The optimal value and control in the presence of weather hedging, for the seller's agent is, respectively,
where the subscript s indicates that this is the risk aversion for the seller.
Proposition 4. The seller's utility indifference price is
Proof. The utility indifference price for the seller is a function p s (x, r, y, t) that satisfies
Proposition 5. Following same reasoning, one can obtain the buyer's utility indifference price as
The utility indifference prices p s (x, r, y, t) and p b (x, r, y, t) are clearly independent of initial wealth x and is nonlinear, which agrees with Carmona (2008); Musiela and Zariphopoulou (2001) . The nonlinearity of these prices implies that the buyer should not pay twice as much for twice as many options but requires a reduction in the price to take on the additional risks, whereas the seller requires more than twice the price for taking on twice the risk.
Another notable observation is that the presence of the traded asset is irrelevant from the perspective of risks to be hedged. This is because the correlation between the capital market and the weather indexes is negligible and hence the expectation is taken on physical probabilities P such that the indifference measure is the same as the historical measure. However, both prices are built on the investor's preference towards risks that cannot be be eliminated γ due to market incompleteness.
For the market to be viable and free of arbitrage opportunities, the market forward price F(W) of the weather derivative must not be less than the seller's utility indifference price and similarly not more than the buyer's utility indifference price. Therefore, the utility indifference prices serve as the starting point for price negotiations for weather derivatives between potential buyers and sellers. They are a pricing (bid-ask spread) for a specific agent as currently weather derivatives are sold on the counter and not on the capital market.
Hedging Maize Yield Using Basket Weather Derivative
Maize is the most important grain crop in Malawi and accounts for almost 90% total calorie intake Dorward and Chirwa (2011) . It is produced throughout the country under diverse environments. The maize crop requires around 450 mm of accumulated water per season, which runs for 140 days from November to mid-March mainly acquired from soil moisture Kawaye and Hutchinson (2018) . It is a warm weather crop and does not grow well in areas where the mean daily temperature is less than 19 • C or where the mean of the summer months is less than 23 • C.
High temperatures coupled with drought can significantly affect the pollination process, especially if it occurs during and within 10 days of pollination period. In addition, lack of rainfall or too much of it can reduce the maize yield by 100% Harrison et al. (2011) , resulting in severe hunger and leaving a lot of people vulnerable and food insufficient.
In view of climate change, especially variability of rainfall and temperatures, there is a need to introduce weather derivatives as contingent measure to help farmers to hedge potential losses in maize yield. The study introduces basket weather derivatives whose underlying indexes are rainfall and temperature processes, which are arguably among the most important factors contributing to maize yield variability.
For the specification of the relationship between weather in terms of rainfall and temperature, and maize yield Y, the model by Vedenov et al. (2004) is:
Here, I denotes the weather index, and ∼ N[0, σ 2 ]. R cd is cumulative rainfall deficit during the whole growing season defined as
Equation (18) measures the shortfall of the sum of daily rainfall amounts r i during the period of s days relative to the required amount r min . CDD is the number of cumulative cooling degree days defined as the number of days in which the average daily temperature T i is more than the recommended temperature for maize growth at 23 • C given as
Estimation of parameters α 0 , . . . , α 5 can be based on the maize yield data while the weather variables should be derived from average daily temperature and daily rainfall data.
Based on this information, a basket weather derivative can be designed that maximizes the hedging effectiveness of maize producers. Choosing a put option with pay-off W T at the expiration date T,
where I T is the weather index at expiration date, K is the strike price of the option and L is the tick size determined in such away that a negative correlation between pay-off of the option and the revenues of the maize production is maximal. Utility indifference prices of the buyer and seller for the basket option were simulated where it was assumed that the option has a relative risk averse parameter of γ = 0.1 since in most cases farmers are risk averse and would not be willing to take huge risks.
Rainfall and temperature data for 20 seasons were obtained from Balaka district in Malawi, for which we calculated utility indifference prices for the latest five years. Table 1 shows the utility indifference prices for the seller and buyer of a basket weather derivative simulated using Equations (14) and (15) for rainy seasons from 2011 to 2016. We assumed the same risk aversion for both seller and buyer. The prices vary on each season depending on the rainfall and temperature of that particular year. The future price of a basket weather derivative then should be negotiated in between the two prices so that there is no arbitrage opportunities. The indifference prices for the seller constitute a lower bound for the fair asking price of the derivative. In reality there will be transaction costs for developing and launching the derivatives added to the prices. Furthermore the willingness for a farmer to buy the derivative may also depend on other factors like farm size and family income but the model has demonstrated that it is possible to hedge crop yield against risks due to rainfall and temperature in one transaction.
Conclusions
The weather derivative market is a classical incomplete market since the weather indexes are not tradable assets, thus traditional no arbitrage pricing methods such as the Black-Scholes are not applicable in pricing weather derivatives. In this paper, we adopt the utility indifference pricing approach where the investor's risk preference towards the risks that cannot be eliminated is described by a utility function, exponential in our case. The approach takes into account price risk, weather risks and all other risks in the financial capital market.
The buyer's and seller's indifference prices are derived and conditions for market viability and no arbitrage opportunities are derived, which all relate to the investor's risk aversion based on the utility function. In this paper, we assume that there is no correlation between the tradable asset and weather indexes, considering that we are interested in how a farmer can hedge weather risks related to rainfall and temperature simultaneously, and it is found that the indifference pricing measure is the same as the physical measure.
The pricing model developed can be used in agriculture industry where a farmer is interested in hedging weather risks due to rainfall and temperature simultaneously and economically. It can also be used to price weather derivatives in other weather related industries affected by rainfall, temperature or both.
The model developed can be refined by ether choosing a different utility function such as power utility, which means a different risk preference by the investor, or taking into account the bond in the model (r = 0). Since weather derivatives are traded on the counter, one may compare the prices developed here with those by actuarial approaches.
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